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Abstract 

A brief introduction into bimodules of Ili-factors is presented. Fur- 
thermore a version of the following result due to M. Pimsner and S. 
Popa is derived: Let N = M_i C M = M C M\ C M 2 C . . . denote 
the Jones tower of a Ili-factor N C M with finite index. Then the 
factor obtained by the basic construction from the pair N C M n _i is 
equal to M^n-i- 

Introduction 

The theory of subfactors was established by V.F.R. Jones in his famous paper 
||. A. Ocneanu had the idea to use bimodules (also called correspondences) 
for the theory of subfactors (see |7j and 0). In this note we present an easy 
access to the bimodules of Ili-factors and to their application to the theory 
of Ili-subfactors. Let 

N = M_i cM = I CMiCl 2 CM 3 C... 

be the Jones tower of a Ili-subfactor N C M with finite index. The main 
goal of this paper is to construct a normal isomorphism from M 2n _i (n G N) 
onto the von Neumann algebra of the right A-linear operators on L 2 (M n _i). 
In particular we obtain a new version of the result due to M. Pimsner and S. 
Popa that the basic construction for A" C M n _i is equal to M 2n -i- The author 
thinks that his result is more convenient for applications than Pimsner's and 
Popa's. We notice that Y. Denizeau and J.F. Havet developed a theory of 
correspondences of finite index for arbitrary von Neumann algebras (see 
and [H]) from which our results follow likewise. S. Yamagami also proved some 
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results about bimodules and some parts of Ocneanu's approach to subfactors 
(see |13j and [14|). This note contains the results of an introductionary 
section and of a part of the appendix of the author's Habilitationsschrift 



1 Bimodules of Ili-factors 

In order to avoid subtleties we will assume that every von Neumann algebra 
appearing in this paper acts on a separable Hilbert space. For a Ili-factor 
S let trs denote the unique normalized trace of S. Let L, P, Q, and S be 
factors of type Hi . Let Q op be the factor opposite to Q. (Q op is equal to 
Q as a complex vector space, the multiplication law is reversed, that means 
p o q := q ■ p for p,q G Q, and the involution * is the same as in Q.) 

Definition 1.1 (i) A (left) P -module is a Hilbert space H endowed with a 
normal representation A : P — ► L(7i) of P. A right Q -module is a Hilbert 
space H endowed with a normal representation p : Q op — > L(7i) of Q op . A 
(P,Q)-bimodule H is a left P-module and a right Q-module such that X(P) 
and p{Q op ) commute. If we like to emphasize the Hilbert space H, we write 
X-H for A and pu for p. 

(ii) For left P -modules Hi and H2 a continuous linear operator 
T : Hi — > H2 is called (left) P -linear, if T \ Hl {p) = \ H2 (p)T holds for 
every p G P. For right Q -modules Hi and 7^2 a continuous linear operator 
T : Hi — > H2 is called right Q-linear, if T pniil) — Ph 2 (9)^ f or every 
q G Q. For (P, Q) -bimodules H\ and H2 an operator T : H\ — > H2 is called 
(P,Q)-linear, ifT is left P- and right Q-linear. 

We write P H Q for the (P, Q)-bimodule H. For £ G H, p G P and q G Q 
we also write p .£ in place of A(p)£ and £. q in place of p(q)£,- The commutant 
A-ft(P)' is a l so denoted by £p_(H), the commutant pn(Q)' by £- : q(H), and 
the set A-^(P)' H PniQY of the continuous (P, Q) -linear operators on H by 
£■!>.< >{H). 

Let L 2 (Q) be the Hilbert space obtained by the completion of Q with 
respect to the inner product (x, y) := trq(y*x) (x,y G Q). We denote an 
element x of Q by x, if x is regarded as an element of L 2 (Q). L 2 {Q) is a 
(Q, Q)-bimodule, where the actions are given by left and right multiplication. 

For (P, Q)-bimodules we use the usual concepts of representation theory. 
For instance, a (P, Q)-bimodule pHq is called irreducible, if and only if there 
is no closed proper subspace /C 7^ of H invariant under the left action of 
P and the right action of Q, or equivalently, if and only if Cpq{H) = CI. 
Two (P, Q)-bimodules H and K are called equivalent (H = /C), if there is a 
unitary (P, Q)-linear map U : H — > /C. 
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1.2 The ®Q-tensor product 

Let TC be a right Q-modules and fC a left Q-module. We describe J.-L. 
Sauvageot's construction (0]) of the tensor product 7i ®q K for our special 
case of Ilx-factors. (It is not difficult to check that the definition in Wl 



is a 



special case of the definition in [[TO]). The Hilbert space 7i ®q /C has similar 
properties like the algebraic Q-tensor product 0q (see 

We consider the elements rj G /C, for which there is a continuous linear 
operator Riirf) : L 2 {Q) — > JC such that Ri(r])x = x .t] for every x G Q. 
These elements are called left bounded, they form a dense subspace Di(tC) of 
IC. For rji, rj 2 G D^fC), (rji, rj 2 ) l N := J Ri(vi)* RiiVi) J is a ri ght QTinear con- 
tinuous operator on L 2 {Q) and thus belongs to Q (where J is the antiunitary 
operator on L 2 {Q) defined by Jq = q* for q G Q C L 2 {Q).). So a Q- valued 
inner product (•, -) l N : DiiJC) x DiiJC) — > Q is given. 

For the right Q-module TL we introduce the set D r {TL) of right-bounded 
elements and the operator i? r (0 for £ G D r {TL) in an analogous way: 
i? r (0 : L 2 (Q) — ► H is given by R r {£)x = £. x for x G Q, and (£1, £ 2 )tv : = 
-R r (^2)*-Rr(G) defines a Q-valued inner product on D T {7i). Moreover, D r (7i) 
is dense in 7i. 

We use the symbol © for algebraic tensor products of C-vector spaces. 
The Hilbert space 7i 0q JC is defined as the Hausdorff completion of the 
algebraic tensor product D r {7i) fC with respect to the inner product 

(6 © vi, 6 © m) ■= ((6, &) r N -vi, (i) 

(More precisely, 7i ®q fC is the completion of the factor space D r {TL) 
K./N with respect to the inner product ( |1|), where iV is the subspace of 
D r (TL) K consisting of all vectors ip, for which (ip, ip) = 0.) 

You also can consider H 0q /C as the Hausdorff completion of 7i -D;(/C) 
with respect to 

(G01i, 6©^ 2 ) := (Ci.fai, V2) l N , &>• 
The inner products agree on D r {7i) Di(JC) (see UTO"! , Lemma 1.7), and one 



easily sees that the image of D r (7i) D t (IC) is dense in 7i 0q /C (for both 
the definitions of H 0q /C) . 

Lemma 1.3 The map ^ E H 1 — > £ 0q 77 (Vesp. 77 G /C 1 — > £ 0q 77 y) is 
continuous for every 77 G D r {fC) (resp. £ G D[(H)). 

We call the pair (£,77) G 7i x /C admissible, if and only if £ G D r {7i) or 
77 G Di(IC). For admissible (£,//) we denote the corresponding element of 

n ® Q k by i ® Q v . 

D[(JC) is stable under the left action of Q and (q.rji, r/ 2 ) l N = q ■ (rji, T] 2 ) l N 
for q G Q and 771, 772 G Di(JC). Furthermore D r {TL) is stable under the right 
action of Q and (£1. g, £ 2 )at = (d> 6)tv ' 9 f° r 60 6 G D r (H). It follows 

£■ <? 0Q = £ 0Q <?• 
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for (£,77) admissible and q G Q. 



We have the following Lemmata: 

Lemma 1.4 (i) Let H and H' be right Q-modules and JC and JC' left Q- 
modules. If A : H — > H' is a continuous right Q-linear operator and B : 
JC — > JC' a continuous left Q-linear operator, then (A®qB) £ = A£ ®q 
Br] for admissible (£, 77) defines a unique continuous linear operator A ®q B 
from H ®q JC onto H' ®q JC'. One obtains (A ® Q B)* = A* <g> Q B* . 
(ii) H ®q JC is a left P-module with respect to the action X(p) ®q l(p£ P), 
if H is a (P,Q)-bimodule. It is a right S-module with respect to the right 
action 1 ®q p(s) (s G S), if JC is a (Q, S)-bimodule, and a (P, S)-bimodule, 
if both conditions are satisfied. 

(Hi) IfH and H' are (P, Q)-bimodules and A is (P,Q)-linear, then A ®q B 
is left P-linear. The corresponding result for right actions on JC and JC' is 
satisfied likewise. 

Proof: We note A(D r (H)) C D r (H) and B(D l {K)) C A(/C). Assertion 
(i) without the equation concerning the ^-operation is Lemma 2.3 in |10 



Part (ii) and (iii) are easy consequences of part (i), hence we will only show 
(A ® Q B)* = A* <g>Q B*. If K = JC' and B = 1, then 

(z.( V , v %,a*o = (t® QV ,(A*® Q m'® QV ')) 

for £ G H, C G H', 77, i e Di{JC). So we obtain (A ® Q 1)* = A* ® Q 1. 
Similarly (1® Q B)* = 1® Q B* follows. Using A ®q B = (A® Q 1) ■ (1® Q B), 
we get the assertion. ■ 



Lemma |1.3| implies: 

Lemma 1.5 (i) If H is a right Q-module, JC an (Q, P)-bimodule and 77 G 
D r (JC), then £ ®q 77 G D r (H ® Q JC) for £eH. 

(ii) If JC is a dense linear subspace of D r (JC) and Ho a dense linear subspace 
ofH, then 

Wo &Q := span {£ <g> Q 77 : £ G Ho, 77 G JC } 
is a dense subset of D r (H ®q JC). 

(iii) IfH is a (P,Q)-bimodule and 1C a left Q-module, one obtains the anal- 
ogous results. 



Lemma 1.6 If H is a right Q-module, JC a (Q, P)-module, and £ a left P- 
module, there is a unique unitary operator 

a = a(H, JC,£):H ® Q (JC ® P C) — ► (H ® Q JC) ® P C) 

such that a£,<S)Q(r}®)pp) = (£®Q7/)®pp for £ G D r {H), r\ G JC and p G Di(C). 
IfH is an (L, Q)-bimodule and C a (P, S)-bimodule, then a is (L, S)-linear. 
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Proof: We apply the Lemma |I3] and see that it suffices to check 
((£ ®q rj) ®p P, (C ®q rf) ® P ft) = (f ® {rj ®p p), f ®Q {rf ®p ft)) (2) 



for G D r (H), T],r] f G K. and p, p' G A(£). We compute 

((£ ®q »?) ®p P, (£' ® Q rf) ® P p'> = ((£ ® Q p). (p, p%, r ® Q »/) = 

= ((e,e%-P-(P,p')p,P) 

and get the same result, if we carry out similar steps for the right inner 
product in ( H). ■ 

For every (P, <5)-bimodule pHq there is the conjugate bimodule qHp, 
where H is equal to TC as a real vector space, but the inner product and 
the scalar multiplication are conjugate. The left action A of Q and the right 
action p of P on H are given by X(q) = p(q*) for q G Q and p(p) = X(p*) for 
p G P. Obviously, H = K, entails H S £. 

The (Q, Q)-bimodule L 2 (Q) is a unit in the following meaning: For a 
(<5, S')-bimodule ft there is a unitary (Q, S')-linear map ly_ from 
L 2 (Q) ®q ft onto ft determined by 

biq®Qt = q-Z for £ G ft and g G Q. (3) 

The existence of allows us to identify the bimodules L 2 (Q) ®q ft and ft. 
Similarly for a (P, Q)-bimodule ft there is a unitary (P, Q)Tinear map 
from ft ®q L 2 {Q) onto ft determined by 

r« £ ®q q = £• q for £ G ft and g G Q. (4) 



Definition 1.7 ^4 (Q, P) -bimodule ft is called regular, if D(H) := P/(ft) H 
P r (ft) is dense in ft. 

A subbimodule of a regular bimodule, a finite direct sum of regular bimod- 
ules, the conjugate of a regular bimodule and the tensor product of regular 



bimodules are regular. (The proof is easy, Lemma |1.5| is used for the tensor 
product.) 

Let Qi, i = 0,1 ... ,n, be factors of type IL, and Q^fHi q v i = 1, ■ ■ ■ , n be 
regular bimodules. There are different possibilities to put the the brackets in 
fti®Qift2®Q 2 ' ' "^Qn-iftn- From Lemma |L^we conclude that the (Qo,Q n )- 
bimodules corresponding to different choices of the brackets are equivalent 
in a canonical way and we may identify these (Qo, Q n )-bimodules. If Di is a 
dense linear subset of P(ft«) for i = 1, . . . , n, then 

Pi & Ql D 2 ■ ■ ■ Qq u _ 1 D n := 

span {£i ® Ql £ 2 ®q 2 • ■ • ® Qn _ 1 £ n : £ G D h % = 1, . . . ,n} 

is dense in Hi ®q 1 ft 2 ®q 2 ■ ■ ■ ®>q„^ 1 ftn- 
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2 Bimodules and the Jones Tower 



Let N C M be a subfactor of a Ili-factor M with finite Jones' index (3 := 
[M : N]. N and M act on L 2 (M) by left multiplication. The von Neumann 
algebra M\ := C-,n{L 2 (M)) is a Ili-factor containining M and is called the 
basic construction for N C M. The orthogonal projection eo from L 2 (M) 
onto L 2 (N) C L 2 (M) is called the Jones projection. It is known that Mi 
is generated by M and e as a *-algebra. e maps M C L 2 (M) onto iV C 
L 2 (M), the restriction 

£ = e | M : M — > N 

of eo is a normal faithful conditional expectation from M onto iV. For m G M 
E (m) is the unique element of iV satisfying 

tr M (i? (m) n) = tr M (mn) for every n <E N. 

Eq is called the conditional expectation from M to N corresponding to the 
trace tr M . 

We obtain [M 1 : M] = [M : N] < oo, so we are able to repeat the basic 
construction infinitely many times and get the so called Jones tower 

N = M ; C M = M C Mi C M 2 C M 3 C . . . , 

where M^+i is the basic construction for the subfactor M^._i C M^. For 
G NU{0} let Ck G Mfe + i denote the orthogonal projection from L 2 (Mk) onto 
L 2 (Mfc_i) and : M& — >■ Mfc_i the corresponding conditional expectation. 
We have the following relations: 

eke k ±ie k = fi~ l e k and (5) 

e k ei = e x e k for \k - 1\ > 2. (6) 

Moreover we have 

e k xe k = E k (x)e k for x G M k and (7) 

E k (e k ^) = (3~ l l. (8) 

The trace trM fe+1 on M k+ i satisfies the Markov property 

(3 tv Mk+1 { xe k) = tT Mk+1 (x) for x G M k . (9) 

L 2 (M k ) (k G N U {0}) is a regular (M, M)-bimodule (as well as a regular 
(JV, N)-, (N, M)- and (M, A^)-bimodule), as 

M k c A(l 2 (M fc ))nD r (l 2 (M fc )) 

shows. 
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Lemma 2.1 There is a unique unitary (M, M) -linear operator U 2 from 
L 2 (M) ® N L 2 (M) onto L 2 (Mi) such that U 2 mi = (3 l/2 m 1 e m 2 for 

mi, m 2 G M. 



Lemma |2.1| is a Hilbert space version of the following result (see 0, 
Corollary 3.6.5): There is a canonical isomorphism (of algebraic (M, M)- 
bimodules) from the algebraic iV-tensor product M ®n M onto Mi given by 
mi ® N m 2 1 — > m 1 e m 2 . 



Proof: According to Lemma |1.5| it suffices to verify 

(ml ®jv rfq, h ®jv h) = /?tr M2 ((mie m 2 )(/2eo^)) ( 10 ) 

for li, l 2 , mi, m 2 G M (observe the equations ( |7|) and ( |S])). The right side 
of equation ( [1C]) is equal to 

l3ti Ml { l i m i E o{m 2 r 2 )e ) = tr M (/*mi£o(«^2)) = E {m 2 r 2 ) ,h). 
So the Lemma is proved, if we show (rn^, l 2 ) l N = ^(m^)- We get 

(Ri(m^)*x, n) = tr M (x (nm 2 )*) = ti M (xmln*) = ti M (E (xml) n*) 



for all n € N and x G M. It follows Ri(m 2 )* x = E (xm^) G L 2 (iV) and 

(m^, l 2 ) l N .n = J Ri(m^y n*l 2 = J E (n*l 2 m2) = E (m 2 r 2 ) M 
for every n G N. ■ 
We define unitary (M, M)-linear operators 

[4 = U(k;N,M) :L 2 (M)< = L 2 (M) <g> jy . . . <g> N L 2 (M) — > L 2 (M fc _i) 

for fceNby induction. (Lemma |1.6| shows that it is not necessary to use 
brackets in L 2 (M) ®tv . . . ®at L 2 (M).) Set Z7i := id L ii M ) an d let C/2 be as in 
Lemma |2.1| . 

For fc > 2 let V k = U(k - 1; M, Mi) :L 2 (Mi)®m 1 — ► L 2 (M fe _i). Observ- 
ing that the (M, M)-bimodules L 2 (M) and L 2 (M) ® M L 2 (M) are equivalent 
in a canonical way according to ( |3[) (or ( we use the following identifi- 
cation of (M, M)-bimodules: 



L 2 (M) 

L 2 {M) ® N (L 2 (M) ® M L 2 {M)) ® N • • • ®jv (L 2 (M) ® M L 2 (M)) ®jv £ 2 (M) 

= (L 2 (M)® W L 2 (M)) <?1 . (0 



We put 

U k :=V k o U 2 M 
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(Concerning the definition of the operator U 2 M see Lemma |1.4j) . Using the 
notation 

. . • e m _i • e m for n < m, 

for n = m, (12) 
. . • e m+ i • e m for n > m, 

we get 

U k x{® N ■ ■ ■ ® N x^ = 
= (3 k{k ~ l),i x 1 e x 2 e lfi x 3 e2,ox<i ■ ■ ■ x k -ie k - 2fi x k 
= (3 k{k ~ l)/i xie 0tk - 2 x 2 e 0tk - 3 x 3 • • • x k - 2 e 0t ix k -ie x k (13) 

for xi, . . . ,x k G M. (The first equation follows, if we identify xl G L 2 (M) 
with ~xl®M 1 ^ L 2 (M) <S>m L 2 (M) in ( [LI]), and so does the second equation, 
if we put xl = 1 <8>M#i-) Observe that the considerations after Definition 1.7 
imply that {aq ®at • • • ®jv £fc : a?i, • • • , %k G M} is dense in L 2 (M)®^. 

Identifying L 2 (Mi) and L 2 (M) ®n L 2 (M), we may regard the orthogonal 
projection ei from L 2 (Mi) onto L 2 (M) C L 2 (Mi) as a continuous linear 
operator of L(L 2 (M) <g)jv L 2 (M)) and denote it by iq. 

Theorem 2.2 For nGN t/iere is a normal isomorphism J n from 

M 2n -i = £-,M 2n - 3 {L 2 {M2n-2)) onto C-^n(L 2 (M)®n) satisfying the following 

properties: 

Jni^ 71 ) — A (to) for m G M , 

Jn(e 2k ) Xl ® N X2~ . . . ® N x^ =xl<3 N ...® N E (x k+ i) ® N ...® N x^ 

for xx, . . . ,x n G M and k = 0, 1, . . . , n — 1, 

Jn(e 2k+ l)xJ® N X^. ..® N X^ =Xl® N ...® N F^X^^nXJ^) ® n . . . <S) N %H 

for x\, . . . , x n G M and k = 0, 1, . . . , n — 2 (n>2). 



As L 2 (M)®jv and L 2 (M n _i) can be identified, Theorem |2T^ especially 
states that the basic construction £_ ] Ar(L 2 (M n _i)) for iV C M n _i is the 
same as M 2n -i- In @ M. Pimsner and S. Popa proved a version of this 
result, which is somewhat weaker than Theorem |2.2| . 

Before we prove Theorem |2.2| , we note some useful consequences. 

Using L 2 (M) = L 2 (M)® M L 2 (M) n times, we can identify L 2 (M)®n with 

L 2 [M) ® M L 2 (M) ® N L 2 (M) ® M L 2 (M) ® N . . . ® N L 2 (M) ® M L 2 (M). 

(14) 

Let 




for k even, 
— 1 for A; odd. 
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For < k < I < 2n let Ti l k denote the tensor product 

L 2 (M) ®M E(fc) L 2 (M) ® ME{fc+1) . . . ® M<1 _ %) L 2 (M), 

which consists of the {k + l).th, [k + 2).th, . . . and Z.th factor in the tensor 
product ( [TJ), moreover let H° := := L 2 (N). 

Corollary 2.3 J n : M 2n -i — > £^, N ((L 2 (M) ® M L 2 (M))®n) satisfies the 
following relations: 

(i) J n (M k ) = £_,M E(fc) (^ +1 ) ®M E(fc) Cl wf+i for -1 < * < 2n - 1, 

(ii) J n (M' k □ M,) = Cl^+x ®M E(fc) £M E(fe) ,M E(i) (^ 1 l) ®M E(i) Cl^n for 

-1 < Jfe < I < 2n- 1. 

Proof (i) The case fc = 2r - 1 (r G N, r < ti) follows from J n (Mk) = 
J r (Mk) ®n ( Clw2n i and J r (M k ) = £-,n(Ho +1 ) (according to Theorem |2.2|) . 
In the case k = 2r, (r e N, r < n) we know that J„(M fc _x) U J n (e k -i) and 
consequently J n (M k ) is contained in £_ ,m(7^q +1 ) g^Cl^an^. The remaining 
inclusion is a consequence of 

[J n (M fc+1 ) : J n (M k )} = [M:N] = [C^ N {L 2 {M)< 1 ):C_ M {L 2 {M)< 1 )} 

= [J n (M k ):£^ M (H k +1 )® M Cl Hln+i ]. 

(ii) follows from (i) and from the formula 

(£-, Q (H) ® q C1 K )' = C1 H ® Q £ Q ,-(/C) 

for a Ili-factor Q, a right Q-module Ti and a left Q-module /C. ■ 

Corollary ^O] gives a useful presentation of the standard invariant 

Ci = N' n iv c iv'ni c TV' n Mi c N'nM 2 c ... 

U U U (15) 

Ci = I'ni c M'nMi c M'nM 2 c ... 

of the subfactor N C M. 

For a projection p in L 2 {M)®n the Hilbert space pL 2 (M)®^ is an (iV, iV)- 
subbimodule of L 2 (M)<, if and only if p G J fc (V n M 2fc _i), and pL 2 (M)< 
is an irreducible (N, iV)-bimodule, if and only if J k l (p) is a minimal pro- 
jection of N' fl M 2 k-i- Now let / and g denote two minimal projections of 
N' n M 2fc _i. One easily sees that the (N, iV)-bimodules J k (f)L 2 (M)® Nk and 
J k (g)L 2 (M)® Nk are equivalent, if and only if / and g belong to the same 
simple direct summand of N' fl M 2 k-i- So we get a bijective correspon- 
dence between the equivalence classes of the irreducible (N, A r )-bimodules 
contained in L 2 {M)®^ and the simple direct summands of N' fl M 2 k-i- 

If one considers the principal graph of the subfactor iV C M, which con- 
tains the information about the tower of the finite dimensional von Neumann 
algebras in the upper line of ( [15]), then one usually identifies the simple direct 
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summands of N' D M2k-i with simple direct summands of N' D M 2 fc+i such 
that the following holds: If / is a minimal projection of a simple direct sum- 
mand of N' D M 2 k-i, then /e 2 £; is a minimal projection of the corresponding 
direct summand of iV' fl M 2fc+1 (compare Section 4.6). 

Using the description of the algebras N' fl M 2k _i and AT' n M 2k+ i in 
Corollary |2.3| , we see that corresponding simple direct summands of N' fl 
M 2 fc_i and N' fl M 2fc+1 belong to the same equivalence class of irreducible 
(N, A^)-bimodules: Let / be a minimal projection of N'C\M 2k _i. The (N, N)- 
bimodule J k (f)L 2 (M)®N is equivalent to the (N, A^)-bimodule 

J k (f)L 2 (Mf»® N L 2 (N) = J k {f)L 2 {Mf-® N e Q L 2 {M) 

= J k+l {fe 2k )L 2 {M)< +1 

by Theorem \2.'\ 

In a similar way the simple direct summands of N' fl M 2k {k G N U {0}) 
correspond to equivalence classes of irreducible (N, M)-bimodules. As above, 
given a minimal projection / of N' H M 2k , the irreducible (A^, M)-bimodules 
J k+1 (f)(L 2 (M)< +1 ) and J k+2 (fe 2k+1 )(L 2 (M)< +2 ) are equivalent. Obviously 
one obtains an analogous connection between the algebras M' fl M 2k and 
the (M, M)-bimodules as well as between the algebras M' fl M 2k+ \ and the 
(M, A^)-bimodules. 

For the proof of Theorem |2.2| we need some preparations. 

2.4 Some observations about bimodules with different 
factors acting from right 

(1) Let qHl and qKs be two bimodules. We assume that there is an isomor- 
phism I from £_ L (H) onto £_ ) 5(/C) such that 7(A^(g)) = \jc(q) for every 
q G Q. Then W is also an £_ s (/C)-module, where the action is given by J -1 . 
Let us suppose that the £_.s(/C)-module JC is equivalent to a submodule of 

n. 

A linear isometry W : /C — > H is said to be associated with /, if W is 
C- s(£) -linear. Now let us fix a linear isometry W associated with /. Let p 
be the projection W ■ W* G C-,l(H)' = p(L). We have 

lUaVT = v r\ a ) (16) 

for every a G £_ i 5(/C). By restricting PU to its image pH, we obtain a unitary 
operator : /C — >■ p7Y. If we endow pli. with the right action p pn of S 
defined by p p n( s ) '■= W ■ p(s) ■ W* for s G S, then p7i is a (Q, S')-bimodule, 
equivalent to JC. Using ( |16D we get 

C-,s(pH) = W£_ tS ()C)W* = W I(C-. tL (H))W* =pC-, L (H), (17) 

which implies 

Pph(S) = p pn(L) p. (18) 
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(2) Additionally, let pCq be a bimodule. Then £ ®q T~t is a (P, L)-bimodule 
and £ ®q K is a (P, S^-bimodule. Starting with the isomorphism I and the 
linear isometry W, we will define an isomorphism 

1 ® Q I : £_, L (£ ® Q H) — > £_,s(£ ®q /C) 

with the following properties: 

(a) (1 ®q /) (\c® q h(x)) = ^c® Q ic{x) for every x G P and 

(b) The £_ t s(£ ®q /C)-module £ ®q /C is equivalent to a submodule of 
the £_,£(£ ®q /C)-module £ ®q 7i, and 1 ®q W is a linear isometry 
associated with 1 ®q I. 

1 ®qP is a projection of Pc® q h{P)-> hence x i — > (l®^p) x defines an isomor- 
phism Ji from pc^ Q n(L)' = £_^(£ ®q 7^) onto the commutant 
((1 ® Q p) p £0QW (L) (1 ® Q p))' (in (1 ® Q p) £ ® Q W = £ ® Q pH ). 

In (1) p7i was endowed with a (Q, iS) -bimodule structure, hence £®Qp7i 
is a (P, S')-bimodule. By applying equation ( [18|) we get 

Pc® qt m{S) = l® Q p pH {S) = l® Q pp n (L)p= (l® Q p)p c ® Qn (L)(l® Q p) 

with the consequence that 

((1 ® Q p) Pc ® q h{L) (1 ® Q v))' = C-,s(£ ®q vn). 

Now x i — > (1 ®q WO* x (1 ®q WO defines an isomorphism J 2 from 
C- ) s{.C®Qp7i) onto £_ i 5(£®q/C). We put 1(8)q/ := J 2 oJi. Property (a) is 
obvious, for the proof of Property (b) we note that (1 ®q W) ■ (1 ®q W)* = 
1®qP belongs to p c ® Q n{L). From 

(1 <8><j WO (1 ®q /)(a) ={l®QW){l® Q Wy{l® Q p)a{l® Q W) = 
(1 ® Q p) a{l® Q W) =a (1 ® Q p) (1 ® Q W 7 ) = a (1 ® Q p) 

for every a G £_,l(£ ®q 7i) we conclude that the linear isometry 1 ®q W is 
associated with 1 ®q I. 

We point out that the definition of 1 ®q I does not depend on the choice 
of W. 

(3) We suppose the assumptions from (1). Additionally, let qM.t be a bi- 
module and J : C- t s{KL) — > C- t r{M) an isomorphism such that M. is an 
£_ t(-M) -submodule of /C. Considering the isomorphism Jol : £_ L (7Y) — > 
£_ i t(A / 1) we also may regard A4 as an £_ T (A^)-subbimodule of 7^. If 
V : A4 — > K, is a linear isometry associated with J, then W o 1/ is a 
linear isometry associated with Jo/. The proof of this fact is easy. 

Lemma 2.5 (%) (3 e nfi e n+lfl = e n)Q e n+ i )2 /or nGN. 

fnj /3 fc(fc+1)/2 e„ j0 e„+i,o ■ • • --en+fc^ = e nfi e n+ i^e n+2 ,A * • • • • e n+ fe j2 fe forO < k < n. 
(Hi) e„ i0 e„+i,o • • • • • e 2 „-2,oe2n-i,2n-2 = /3 n_1 en,oe n +i,o • • • • • e 2 „-i,o /or nGN. 
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Proof: (3 e nfi e n +i,o = /?e nj ie n+ i i2 e eie = e ni ie n+ i i2 e = e nfi e n+ i :2 shows 
(i). We get (ii) by applying (i) several times and (iii) by applying (ii) twice 
(with k = n — 1 to the right side of the equation in (iii) and with k = n — 2 
to the left side). ■ 



2.6 The isomorphisms J n 

(1) We introduce an isomorphism 

I : M 3 = £_, Ml (L 2 (M 2 )) — C^ N {L 2 {M X )) 

satisfying I(m) = X(m) for every m e M. Let K be the canonical isomor- 
phism from £_ iMl (L 2 (Mx)) = A (Mi) onto C_ tN (L 2 (M)) = M x . K is an 
isomorphism as in Section |2.4j (1) (with Q = M) and 



V : L 2 (M) — ► L 2 (Mi), m i — ► (3 1/2 me^, 

is a linear isometry associated with K. (The Markov property ( ||) of tr^i 
implies 

(/3 1/2 me^, /3 1/2 Ze^) = ^tr Ml (me r) = tr M (mf) = (m, 7) 

for m, Z e M, hence is isometric. V is M-linear and V o e$ = A(eo) ° V 
holds by equation ( 0), thus V is Mi -linear.) 

Applying Section [Jl] (2) with the (M, M)-bimodule £ = L 2 (Mx) we get 
an isomorphism 

1® M K: £_, Ml (L 2 (Mi) <g) M ^ 2 (M0) — > £_,^(L 2 (M 1 ) <g> M L 2 (M)). 



We identify L (Mi) ®m-^ (Mi) and L 2 (M 2 ) according to Lemma |27i] as well 
as L 2 (Mi) <g> M L 2 (M) and L 2 (M X ) according to relation ( |). After these 
identifications, 1 ®m ^ is the desired isomorphism /, and the linear isometry 
1 ®m V '■ L 2 (Mi) — > L 2 (M 2 ) is associated with / and satisfies the relation 

(1 ® A f V)x = f3xe^ for x 6 Mi. (19) 



(2) Inductively we define isomorphisms 

J n : M 2n _! = £_, M2n „ 3 (L 2 (M 2 „_ 2 )) — > £_ iJV (L 2 (M)^) (n > 1) 

with the following properties: 

(a) J n (m) = X(m) for every m e M and 



(6) W n : L 2 (M)^ — ► L 2 (M 2n _ 2 ), ®w xi ® w • • • ®tv i — ► 

^(n-i)(2n-i)/2 a^e^e^g . . . x n _ie n _ 2i oX n e n _i i0 e ni o • • • e 2n _ 3i0 = 

p{n l)(2n l)/2 a; 1 e 0i2n _3X 2 eo, 2 n-42 ; 3 ■ ■ ■ ^n-ieo,n-l^neo,n-2eo,n-3 • ■ • Co.ieo, 
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is a linear isometry associated with J n for n > 2. 
Let J i = id,Mi and let W\ = id L ii M y 

Now for n > 2 we assume that J n -i is defined and that W n -\ is associated 
with J n _i- Let 

/„ : M 2n _! = £_ iM2n _ 3 (L 2 (M 2n _ 2 )) — > £_, M2n „ 5 (L 2 (M 2n _ 3 )) 

denote the isomorphism J from Part (1) and V n the linear isometry V from 
(1), where N is replaced by M 2n _ 5 , M by M 2n _ 4 and so on. We write V n in 
place of 1 ®Af 2n _ 4 Vn- 

Observe that -R 2n _4 := {id^iM) ®n U2 U -a) ° ^2n-3 is an (M, M) -linear 
unitary operator from L 2 (M 2n __3) onto L 2 (M) ®jv L 2 {M2 n -i) and that 

p /o2n-3/2 
-r<2n-4 P 



^e ,2n-4Z/ = x($ N y 

holds for x G M and y G M 2n _4. Hence it is possible to identify the bi- 
modules L 2 (M 2n _ 3 ) and L 2 (M) ® N L 2 (M 2n _ 4 ). Applying Section [21] (2) 
we get an isomorphism 1 ® N J n -\ from £_ iA ,/ 2n _ 5 (L 2 (M) ® N L 2 (M 2n _ 4 )) = 
£_ iM2 _ 5 (L 2 (M 2n _ 3 )) onto £„, n (L 2 (M)®n) an d put 

J n := (1 <g)jv ^n-l) ° 4- 

Obviously J n satisfies Property (a). From Section ^]4| (3) we know that 
W n :— V n o (1 ®jv W n _i) is associated with J n . The following computation 
shows that W n fulfils Property (b) for n > 3: 

(V n O (1 ® N W n _i)) Xl <g) N X2~<g) N . . . ® N X^ = 

0(n-2)(2n-3)/2 ^ ^ ^ a; 2 eoa;3 . . . x n _ie n _ 3i oX n e n _2,oe„_i,o • • • e 2n _ 5 ,o = 

^(n-l)(2n-3)/2 +1 Xl e 0t 2n-4X2e X 3 . . . X n - X ^n-^X n e n -2^n-\fi ■ ■ ■ 



■ ■ • ^2n-5,0 e 2n-3,2n-4 

P n 1 (2n 12 x 1 eo,2n-42 ; 2eo^3 • • • X n ^\e n ^^X n e n -2<d^n-\f) ■ ■ ■ e 2n -5,0 e 2n-3,0 = 
l)(2n l)/2 Xieo^n-3X2^oX3 . . . X n -ie n -2,fiX n &n-2fi^n-l,Q ■ ■ ■ ^2n-bfi^2n-4,0 = 
p(n l)(2n l)/2 XieQ2n-3 x 2^0,2n-4: X 3 • • • %n-l e 0,n-l x n e 0,n-2 e 0,n-3 • • ■ e 0- 



(We used equation ( ^) in line 3, Lemma |27S| (iii) in line 4 and equation 
( |g) in line 6.) 

The case n = 2 follows from Wi = 1®mV . 
2.7 Proof of Theorem 2.2 



We prove that J n satisfies the properties required in Theorem |2]2|. It suffices 
to show 

ei . W n ix{ ®7V ~X~2 ®N ■ ■ ■ ®N "Xn) = 



W n xi <g) N . . . E (x k +i) ® n ■ ■ ■ ®n x n (I = 2k even) 

W n xl® N ... Fxix^l^N x^) • • • Xn (I = 2k + 1 odd) 
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for I e N U {0}, 2n - 2 > I and x u . . . ,x n eM. We show ( gg) by induction 
over / (simultaneously for every n e N with 2n — 2 > /): 
/ = is a simple consequence of eoXieo = £?o(xi)eo. 

/ = 1 : We get 

e x . W n xi® N xl® N . . . ® N x^ = ^(™- 1 )(2™- 1 )/ 2 6l . xieo^e^o • • • = 

0(n-l)(2n-l)/2 ^ (^^)^ . . . = W n F-y (xj ® N %%) ®N ■ ■ ■ ® N X^- 

Concerning the last ' =' observe that there are an m G N and yj, Zj, 
j = 1, . . . , m, such that Ei(xieoX2) = Sj=i Vj e o z j an d consequently 
Fx(x~i ®jv x~2) = YTj=i Wj®N~j holds. 

2 < / < 2n — 2: The left side of Equation ( |2^) is equal to 

^(n l)(2n !)/ 2 e; _ X\eQ t 2n-3 x 2 e x 3 . . . x n-l e n-3,0 x n e n-2,0 e n-l,0 ■ ■ ■ C2n-5,0 e 2n-4,0 

(see the computation from Section |2l| (2)). For the right side we use the 
facts that W n = V n o (1 ® N W n -\) holds and that the assertion is fulfilled 
for I — 2 and n — 1 by induction hypothesis. For I < 2n — 2 the right side is 
equal to 

V n Xi~ ® N {ei-2 ■ Wn-y X^ ® N . . . ® N X~^j = 

^(n-2)(2n-3)/2 y^ — ^ ^ x n _ie n _3 )0 X n e n _2,oe„-l,o • • • e 2n -5,0 = 

/3 2 ™ Xieo,2n-3^l-2X2GoX3 . . . x n-l^n-3fi x n^n-'2,Q e n-l,Q . . . e2ra-5,oe2n-4,0 

(The computation is similar to that in Section |2.6| (2).) So the left side 
and the right side of equation ( ^) coincide, if e;e 0i 2n-3 = &o,2n-3 e l-2i which, 
however, the following computation shows: 

e;e 0l 2n-3 = ^0,1-2^1-1^1+1 ■ ■ ■ ^2n-3 — P e 0,l-2%2n-3 = 
^0,l-2^l-l^l-2 e l,2n-3 = ^0,2n-3 e l-2- 

At last we deal with the case I = 2n — 2. Using the induction hypothesis and 
similar arguments as before, we see that the right side of ( |20|) is equal to 

^(n-2)(2n-3)/2 y^ — ^ E 2n -i ( X 2e ,2n-5 X 3 • • • X n ^ X eQ^2X n ^.n-Z^,n-^ ■ ■ ■ e ) = 

n{n-l)(2n-3)/2+l ~ ~ p J— ~ 

P x l^0,2n-A Jll 2n-A\ x 2 e 0,2n-B x 3 ■ ■ ■ 

■ ■ ■ x n-l e 0,n-2 x n e 0,n-3 e 0,n-4: ■ ■ ■ ^o) e 2n-3,2n-A = 

o(n-l)(2n-3)/2+l 7F ~z ™ 

P x 1^0,2n-1 x 2^0,2n-^ x 3 ■ ■ ■ 



■ ■ ■ x n-l e 0,n-2 x n e 0,n-3 e 0,n-4: • • • e0 e 2n-4C2n-3 e 2n-4 — 
£j(n l)(2n Xl e X2ei t0 X 3 . . . X n _ie n _2,0X n en-l,0 ■ ■ ■ e 2n-4,0 e 2n-4 = 

^(n-l)(2n-3)/2+l E 2n -2(x 1 e X2e lfl X 3 . . . X n -ie n - 2 fiX n e n -i fi . . . 

■ ■ ■ G2n-AfiG2n-3^2n-A) = 
(3 1 ^ 2n ^2n-2 ■ ^160X261,0^3 • • • X n -ie n -2flX n Gn-lfl ■ ■ ■ ^2n-4fl^2n-3,0- 

(We used ( 0) in line 3, ( ||D in line 4, @ in line 5, and Lemma |2.5| (iii) in 
line 6.) ■ 
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